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Abstract
A graph is said to be super-connected if every minimum vertex cut isolates a vertex. A graph
is said to be hyper-connected if each minimum vertex cut creates exactly two components, one of
which is an isolated vertex. It is proved that a connected vertex and edge transitive graph is not
super-connected if and only if it is isomorphic to the lexicographic product of a cycle Cn (n¿ 6)
or the line graph L(Q3) of the cube Q3 by a null graph Nm. In addition, non-hyper-connected
vertex and edge transitive graphs are also characterized. Precisely stated, a connected vertex
and edge transitive graph G is not hyper-connected if and only if either G ∼= Cn (n¿ 6) or
G ∼= L(Q3), or there exists a pair of vertices having the same neighbor sets and the number of
vertices of G is at least k + 3, where k is the (regular) degree.
? 2003 Elsevier Science B.V. All rights reserved.
1. Introduction and denitions
The underlying topology of an interconnection network is often modelled by a graph.
In many situations, it is highly advantageous to use interconnection networks which are
highly symmetric. This often simpli:es computational and routing algorithms. Further-
more, graphs with some kind of symmetry usually have high connectivity. For instance,
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Fig. 1. To illustrate the de:nitions.
connected vertex transitive graphs have maximum edge connectivity [8], and connected
edge transitive graphs have maximum vertex connectivity [9]. In recent years, the
problem of studying super-connected and=or hyper-connected vertex transitive graphs
has received a lot of attention (see [1–7]). On the other hand, as far as we know,
there are no results concerning super- or hyper-connected edge transitive graphs. These
motivate the author to consider this subject.
Let G be a (simple and undirected) graph and F a subset of V (G). Set
N (F) = {x∈V (G) \ F : ∃y∈F s:t: (y; x)∈E(G)};
C(F) = F ∪ N (F);
R(F) = V (G) \ C(F):
If F = {x}; then we write N (x) and C(x) instead of N (F) and C(F), respectively.
Clearly, for a non-empty subset F of V (G); N (F) is a vertex cut if R(F) = ∅, and
if R(F) = ∅, then F and R(F) are unions of vertex sets of connected components
of G − N (F). A subset F ⊂ V (G) is said to be a fragment if |N (F)| = (G), the
vertex-connectivity of G, and R(F) = ∅.
A fragment F in a k-regular graph G with (G) = k is called a strict fragment if
26 |F |6 |V (G)| − k − 2. A k-regular graph with (G) = k is said to be Vosperian
[5] if it has no strict fragments. A graph G is said to be super-connected [2], or
simply, super-, if each minimum vertex cut is the neighbor set of a single vertex in
G. Clearly, if G is super-, then (G) = (G), the minimum degree of G. A graph
G is said to be hyper-connected [1], or simply, hyper-, if for every minimum vertex
cut D of G; G − D has exactly two components, one of which is an isolated vertex.
To illustrate these de:nitions, we give a simple example. Let G be the graph K3:3
shown in Fig. 1.
Let F = {v1; v2}. Then N (F) = {v4; v5; v6}; C(F) = N (F) ∪ F = {v1; v2; v4; v5; v6}
and R(F) = {v3}. Since |N (F)| = (G) = 3 and R(F) = ∅, we see that F is a frag-
ment of G. G has no strict fragments, since a strict fragment F1 of G would satisfy
26 |F1|6 |V (G)|−3−2=1, which is impossible. It follows that G is Vosperian, and
is therefore super-. Finally, we mention that G is not hyper-, since G − {v1; v2; v3}
has three connected components.
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2. First results
The following theorem establishes the relationships between the three kinds of con-
nectivity de:ned above.
Proposition 2.1. Let G be a k-regular graph. Then
(i) if G is hyper-; it is Vosperian;
(ii) if G is Vosperian; it is super-; and
(iii) G is Vosperian if and only if G is either hyper- or G satis7es |V (G)|= k + 3.
Proof. Conditions (i) and (ii) are both self-evident. In what follows we only prove
(iii). Suppose that G is Vosperian but not hyper-. Then it has a minimal disconnecting
set D such that G−D has m¿ 3 connected components. The union of any collection of
m−1 components is a fragment of cardinality at least 2. Thus; by the Vosperianity; the
remaining component (and therefore all components) must have cardinality 1. Similarly;
the union of any collection of m− 2 components is again a fragment. Thus; m= 3. It
follows that k = |D|= |V (G)| − 3.
Conversely, if G is hyper-, then by (i) it is Vosperian. If G satis:es k= |V (G)|−3,
we claim that G contains no strict fragments, since a strict fragment F of G would
satisfy 26 |F |6 |V (G)| − k − 2 = k + 3− k − 2 = 1, which is impossible. Thus G is
Vosperian.
Remark. It can be concluded from the above proof that if G is a Vosperian but not
hyper- vertex transitive graph; then G ∼= K3;3; :::;3.
We use Aut(G) to denote the automorphism group of the graph G. G is vertex
transitive if Aut(G) acts transitively on V (G), and is edge transitive if Aut(G) acts
transitively on E(G). G is said to be l-distance transitive if given four vertices x; y; u
and v such that the distance d(x; y) = d(u; v) = l, then there exists an ∈A(G) such
that u= (x) and v= (y).
The minimum cardinality of a strict fragment of a non-super-connected graph G
will be denoted by !(G). A strict fragment of G with cardinality !(G) is called
a superatom of G. In [4], Hamidoune proved the following useful results on strict
fragments and superatoms of vertex transitive graphs.
Theorem 2.2 (Hamidoune [4]). Let G be a k-regular connected vertex transitive graph
with (G) = k.
(i) Let A be a superatom; B be a strict fragment with A ∩ B = ∅ and A ⊂ B.
Then |A ∩ B|= 1; A ∪ B is a fragment and C(A ∩ B) = C(A) ∩ C(B).
(ii) If !(G)¿ 3; then the intersection of three distinct superatoms of G is empty.
An imprimitive block for a group U of permutations on a set T is a proper, nontrivial
subset A of T such that if !∈U then either !(A) = A or !(A)∩ A= ∅. A subset A of
V (G) is called an imprimitive block for G if it is an imprimitive block for Aut(G) on
V (G).
604 Jixiang Meng /Discrete Applied Mathematics 127 (2003) 601–613
An independent set of a graph G is a subset of V (G) in which no two vertices are
adjacent.
Theorem 2.3 (Tindell [9]). Let G be a connected edge transitive graph and A be an
imprimitive block for G. Then
(i) (G) = (G); and
(ii) A is an independent set of G.
The remaining part of this paper is organized as follows. In the next section, we
study the properties of superatoms for vertex and edge transitive graphs. In Section
4, we will characterize the vertex and edge transitive graphs which are super- or
hyper-.
3. Superatoms
In what follows we always assume that G is a connected vertex and edge transitive
graph. We also assume that G is not Vosperian and thus it contains superatoms. In
this section, we will study the properties of superatoms for these graphs.
Lemma 3.1. If G has a superatom which is an independent set of G; then !(G) = 2
and all superatoms of G are independent sets of G.
Proof. Let k be the degree of regularity of G and A be a superatom which is an
independent set of G. Then |N (A)|=k; and for any x and y in A; N (x)=N (y)=N (A).
By the minimality of A we have !(A)= |A|=2. Let A= {x; x0}. Suppose that G has a
superatom which is not an independent set. Since !(G)=2 and G is edge transitive; then
the end vertices of each edge form a superatom. Let B = {x0; y} for some y∈N (x0).
Since (N (A) \ {y}) ∪ {x} ⊂ N (B); we must have equality between the two sets. But
then; |N (A ∪ B)|= |N (A) \ {y}|= k − 1¡(G); a contradiction.
Lemma 3.2. If !(G)¿ 3; then the subgraphs induced by superatoms are connected;
and every edge of G is contained in a subgraph induced by a superatom.
Proof. Let k be the degree of regularity of G and A be a superatom of G. Then by
Lemma 3.1 we see that G[A] is not a null graph. Suppose that G[A] is not connected;
then it has a connected component G1 with |V (G1)|¿ 2 and N (V (G1)) = N (A); con-
tradicting the assumption that A is a superatom. It follows that G[A] is connected.
Since the edges of G[A] are certainly contained in a subgraph induced by a superatom;
by edge transitivity of G; every edge of G is contained in a subgraph induced by a
superatom.
Lemma 3.3. Let G be a graph with !(G)¿ 3 and A be a superatom. Then for any
y∈V \ A; we have |N (y) ∩ A|6 2.
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Proof. Suppose on the contrary that |N (y)∩A|¿ 3; and u; v and w are three adjacent
vertices to y in A. Let A1; A2 and A3 be the superatoms containing the edges uy; vy
and wy; respectively. If Ai = Aj for some i = j; then |Ai ∩ A|¿ 2; contradicting The-
orem 2.2. Thus A1; A2 and A3 are pairwise distinct; which have a common element; a
contradiction.
Lemma 3.4. Let G be a graph with !(G)¿ 3 and A be a superatom. Then for any
distinct u and v∈A; |N (u) ∩ N (v) ∩ (V \ A)|6 1.
Proof. Suppose on the contrary that u1; u2 ∈N (u) ∩ N (v) ∩ (V \ A) with u1 = u2. Let
Q1 and Q2 be two superatoms containing the edges uu1 and uu2; respectively. Then
u∈A∩Q1∩Q2. Since Q1 =A; Q2 =A; by Theorem 2.2 we see that Q1 =Q2. Thus uu1
and uu2 are contained in a same superatom Q1. Similarly; vu1 and vu2 are contained
in a same superatom; say; P1. Then |Q1 ∩ P1|¿ 2; by Theorem 2.2 we have Q1 = P1.
But then |Q1 ∩ A|¿ 2; a contradiction.
Lemma 3.5. The subgraphs induced by superatoms are edge transitive and isomor-
phic.
Proof. If !(G) = 2; the result follows from Lemma 3.1. If !(G)¿ 3; then no super-
atoms of G are independent sets. Let A1 and A2 be two superatoms of G; and e1 and
e2 be two edges in G[A1] and G[A2]; respectively; where G[A1] and G[A2] denote the
subgraphs induced by A1 and A2; respectively. Since G is edge transitive; there exists
a !∈Aut(G) such that e2 = !(e1): Then |!(A1) ∩ A2|¿ 2. By (i) of Theorem 2.2 it
follows that !(A1) = A2 (note that !(A1) is also a superatom). Thus G[A1] ∼= G[A2].
By letting A1 = A2 in the above proof we see that G[A1] is edge transitive.
Lemma 3.6. Let G be a k-regular graph with !(G)¿ 3; A and B be two distinct
superatoms of G with non-empty intersection and x be the unique element in A ∩ B.
Then; N (A) ∩ N (B) = ∅ and N (x) = (A ∩ N (B)) ∪ (B ∩ N (A)).
Proof. By Theorem 2.2 we have C(A ∩ B) = C(A) ∩ C(B). Then
C(A ∩ B) = (A ∩ B) ∪ N (A ∩ B) = {x} ∪ N (x);
C(A) ∩ C(B) = (A ∪ N (A)) ∩ (B ∪ N (B))
= (A ∩ B) ∪ (A ∩ N (B)) ∪ (B ∩ N (A)) ∪ (N (A) ∩ N (B)):
Since A ∩ B ∩ N (A) = ∅ and A ∩ B ∩ N (B) = ∅; we have
N (x) = (A ∩ N (B)) ∪ (B ∩ N (A)) ∪ (N (A) ∩ N (B)):
We claim that N (A)∩N (B)= ∅. In fact; if N (A)∩N (B) = ∅; let y∈N (A)∩N (B) and
Q be a superatom containing the edge xy; then Q =A and Q =B. But x∈Q ∩ A ∩ B;
contradicting Theorem 2.2. Thus N (A) ∩ N (B) = ∅; and so
N (x) = (A ∩ N (B)) ∪ (B ∩ N (A)):
This completes the proof.
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Lemma 3.7. Let G be a k-regular graph with !(G)¿ 3; A and B be two distinct
superatoms of G with non-empty intersection and x be the unique element in A ∩ B.
Then; A ∩ N (B) ⊂ N (B \ {x}) if |A ∩ N (B)|¿ |B ∩ N (A)|.
Proof. Let X = A∩N (B) = {x1; x2; : : : ; xm} and Y = B∩N (A) = {y1; y2; : : : ; yn}. Then;
by vertex transitivity of G; every vertex z of G is contained in exactly two superatoms
and the degrees of z in the subgraphs induced by these two superatoms are m and n;
respectively. We claim that the degree of xi in G[A] is n. Suppose on the contrary that
the degree of xi in G[A] is m and m = n. Then the two end vertices of the edge xxi
have the same degree in G[A]. By edge transitivity of G[A]; every vertex of G[A] has
the same degree m; that is; G[A] is m-regular. By Lemma 3.5 we see that G[B] is also
m-regular. This means that m= n; a contradiction.
Suppose that m¿ n and X ⊂ N (B \ {x}). Without loss of generality, assume that
x1 ∈ N (B \ {x}). Let N MA(xi) = N (xi) ∩ (V \ A) (16 i6m). Then, |N MA(xi)| = m, and
by our assumption, N MA(x1) ∩ Y = ∅. Since |N MA(xi) ∪ Y |=m+ n= k = |N (A)|, we have
N (A)=N MA(x1)∪Y . It follows that N MA(xi) ⊂ N MA(x1)∪Y (26 i6m). On the other hand,
by Lemma 3.4, we have |N MA(xi)∩Y |6 1. Thus |N MA(xi)∩N MA(x1)|¿m−1 (26 i6m).
By Lemma 3.4 we have m− 16 1, that is, m6 2. If m=1, then n=1, and so G is a
cycle, contradicting the assumption that !(G)¿ 3. Thus m=2 and |N MA(x2)∩N MA(x1)|=1.
Then x2xy1x2 is a triangle. Note that y1 ∈ N MA(x1) and the degree of xi in G[A] is n.
Thus, if n = 1, then the edge x1x cannot be contained in a triangle, contradicting the
edge transitivity of G. It follows that n=2; G is 4-regular and x1 and x2 are adjacent.
Then xx2 are contained in two triangles, but the edge xx1 is contained in exactly one
triangle, a contradiction.
Lemma 3.8. Let G be a k-regular graph with !(G)¿ 3. Then k is even and the
subgraphs induced by superatoms are k=2-regular.
Proof. Let A be a superatom of G. We :rst claim that there exists a superatom B
such that A =B and A ∩ B = ∅. Suppose on the contrary that there exist no such su-
peratoms. Then by vertex transitivity of G; any two distinct superatoms are disjoint;
and so superatoms are imprimitive blocks. But then; by Theorem 2.3; superatoms are
independent sets; contradicting Lemma 3.1.
By Theorem 2.2 we have |A ∩ B| = 1. Let A ∩ B = {x}. Then By Lemma 3.6, we
have
N (x) = (A ∩ N (B)) ∪ (B ∩ N (A)):
Let A ∩ N (B) = {x1; x2; : : : ; xm} and Y = {y1; y2; : : : ; yn}. Then by vertex transitivity,
each vertex z of G is contained in exactly two superatoms, and the degrees of z in the
two subgraphs induced by these two superatoms are m and n, respectively. We claim
that m= n. Suppose on the contrary that m = n. Assume without loss of generality that
m¿n. Then, by Lemma 3.7, we have X ⊂ N (B\{x}). By Lemma 3.6 xi is adjacent to
yj for some j. Since m¿n, there exist two distinct vertices in X which are adjacent to
the same vertex in Y , contradicting Lemma 3.3. It follows that m= n= k=2. By vertex
transitivity of G, for every a∈A, there exists a superatom A′ such that A ∩ A′ = {a}.
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Fig. 2. Two superatoms A and B with |A ∩ B| = 1.
By the above proved conclusion we see that the degree of a in G[A] in also k=2. Thus
G[A] is k=2-regular. The result follows.
In the following four lemmas we always assume that G is a connected vertex and
edge transitive graph with !(G)¿ 3; A and B be two superatoms with non-empty
intersection. Then |A ∩ B| = 1. Assume that A ∩ B = {x}. Then N (x) = (A ∩ N (B)) ∪
(B∩N (A)) and |A∩N (B)|= |B∩N (A)|. Set m= |A∩N (B)|. Assume that A∩N (B)=
{x1; x2; : : : ; xm}; B ∩ N (A) = {y1; y2; : : : ; ym}. Then m = k=2 and N (x) = {x1; : : : ; xm;
y1; : : : ; ym}. For any xi (16 i6m) and yj (16 j6m), by Lemmas 3.7 and 3.3, we
have |N (xi) ∩ (B \ {x})|= 1 and |N (yj) ∩ (A \ {x})|= 1. Further, by Lemma 3.4, for
distinct xi and xj; N (xi) ∩ (B \ {x}) =N (xj) ∩ (B \ {x}). Thus, we may assume that
N (xi) ∩ (B \ {x}) = {yi} (16 i6m). See Fig. 2.
Lemma 3.9. Under the above assumptions and notations; we have m = 2; and so G
is 4-regular.
Proof. Suppose m¿ 2. Since |N (x1)|=k=2m and G[A] is m-regular; we have |N (x1)∩
(V \A)|=m. Let N (x1)∩(V \A)={y1; z1; : : : ; zm−1} and Z={z1; z2; : : : ; zm−1}. Then; since
xi (i =1) is adjacent to only one vertex yi in B \ {x}; it must be adjacent to at least
m−2 vertices in Z . By Lemma 3.4 we conclude that m=3 and every xi (=1) must be
adjacent to exactly one vertex in Z = {z1; z2}. In view of Lemma 3.3; we may assume
that z1 is adjacent to x2 and z2 is adjacent to x3. Since |N (x2) ∩ (V \ A)| = m = 3;
there exists some vertex; say; z3; outside of A ∪ B; which is adjacent to x2. Since
|N (A)|= 6; x3 must be adjacent to z3.
Now consider x1 and its neighbors. Since G is vertex transitive, G[C(x1)] ∼= G[C(x)].
It follows that the three adjacent vertices of x1 outside of A are matched one by one
to those inside of A. By Lemma 3.3, x1 is adjacent both to x2 and x3. Similarly, x2
and x3 are adjacent. Thus, every superatom induces a complete graph on 4 vertices. It
follows that G is isomorphic to the graph shown in Fig. 3. But then, N (A)=V (G) \A
is not a vertex cut, a contradiction. Thus m6 2.
If m=1, then k =2 and G is cycle. This is impossible since !(G)¿ 3. Thus m=2
and k = 4. The result follows.
Let H=(V (H); E(H)) be a graph. The line graph of H , denoted by L(H), is a graph
with vertex set E(H) and e1; e2 ∈E(H) are adjacent if and only if they are incident
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Fig. 3. The proof of Lemma 3.9.
in H . Since the cube Q3 is 2-distance transitive (see [6, Lemma 4.4]), L(Q3) is vertex
and edge transitive.
Lemma 3.10. Let G be a connected but not super-connected vertex and edge transitive
graph and G ∼= L(Q3). Then !(G) = 2.
Proof. If; to the contrary; !(G)¿ 3; we shall show that every two distinct superatoms
of G are disjoint. First; by Lemma 3.1; the subgraphs induced by superatoms are not
null graphs; and furthermore; by Lemmas 3.2 and 3.8; they are regular connected graphs.
If G has distinct superatoms A and B with non-empty intersection; let A ∩ B = {x}.
Then by Lemma 3.6 we have
N (x) = (A ∩ N (B)) ∪ (B ∩ N (A)):
By Lemma 3.9 we see that G is 4-regular and m= |A∩N (B)|= |B∩N (A)|=2. Let
A∩N (B)= {x1; x2} and B∩N (A)= {y1; y2}. By Lemma 3.3 we may assume that xi is
adjacent to exactly one vertex yi in B \ {x}; (16 i6 2). Then we have the following
claims.
Claim 1. x1 ∈ N (x2) and y1 ∈ N (y2). In fact; if x1 and x2 are adjacent; let z1 be the
vertex adjacent to x1 in V \ (A∪B); and Q be a superatom containing the edge x1z1.
Then A∩Q= {x1}; N (x1) = {x; x2; y1; z1} and the vertices in {x; x2} are matched one
by one with those in {y1; z1}. Thus z1 and x2 are adjacent. But then; G−{z1; y1; y2}
is not connected; which is impossible. Thus; x1 and x2 are not adjacent. Similarly; y1
and y2 are not adjacent.
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By Claim 1 we deduce the following:
Claim 2. G[C(x)] has exactly two triangles which have only one common
vertex x.
Let N (x1) = {y1; x; z1; z2}, where z1 ∈V \ (A ∪ B) and z2 ∈A. Then by Claim 2 and
vertex transitivity of G we have the following:
Claim 3. z2 ∈N (z1) and x2 ∈ N (z1).
Claim 4. z2 ∈ N (x2). If z2 ∈N (x2); let z′1 be the adjacent vertex of z2 outside of A
and di<erent from z1. Then by Claim 2 we see that x2 and z′1 are adjacent. Since
G[A] is connected and 2-regular; we have A = {x; x1; x2; z2} which induces a cycle
of length 4. Since G[A] ∼= G[B]; there must exist a vertex; say w2; in B such that
w2 ∈N (y1) ∩ N (y2) (see Fig. 4). Then by Claim 2 we know that y1 and z1 are
not adjacent. If y1 ∈N (z′1); then w2 ∈N (z′1). Since the adjacent vertex of y2 and w2
outside of B is equal; we have |N (A ∪ B)|= 3; which is impossible. Thus y1 ∈ N (z′1).
Similarly; y2 ∈ N (z1); y2 ∈ N (z′1).
Let w1 be the adjacent vertex of y1 outside of B and diNerent from x1. Then w1 = z1
and w1 = z′1, w1 and w2 are adjacent. Let w′1 be the adjacent vertex of y2 outside of
B and diNerent from x2. Then w′1 ∈N (w2). Since the edge xx1 is in a cycle of length
4, it follows by the edge transitivity of G that x1y1 is also in a cycle of length 4.
It follows that z1 and w1 must be adjacent. Similarly, z′1 and w
′
1 must be adjacent.
Since the edges z1w1 and z′1w
′
1 must be contained in triangles, there exists a vertex x
′
such that x′ ∈N (z1) ∩ N (w1) ∩ N (z′1) ∩ N (w′1). But then, G ∼= L(Q3) (see Fig. 4), a
contradiction. Thus z2 ∈ N (x2).
Let N (x2) = {x; y2; z′1; z′2}, where z′1 ∈ A and z′2 ∈A. Since |N (A)| = 4, we have
z′2 ∈N (z1); z′1 ∈N (z2). But then, |N (z1) ∩ A|¿ 3, which is impossible. Therefore, ev-
ery two distinct superatoms are disjoint. Since G is vertex transitive, superatoms are
imprimitive blocks for G. It follows from Theorem 2.3 that each superatom is an
independent subset of G, which is impossible. The result follows.
Lemma 3.11. Let G be a k-regular (k¿ 3) graph with !(G)=2; and A= {x; y} and
B = {x; z} are two distinct superatoms of G. If x and z are adjacent; then so are y
and z.
Proof. By Lemma 3.5 we see that x and y are also adjacent. If y and z are not adjacent;
we will obtain a contradiction. Assume that G is k-regular; and N (y)={x; x1; : : : ; xk−1}.
Set X = {x1; : : : ; xk−1}. Then; since |N (A)|= k; we have |N (x) ∩ X |= k − 2. Without
loss of generality; assume that N (x) ∩ X = {x2; : : : ; xk−1}. Then; by edge transitivity;
the two end vertices of each edge have exactly k − 2 common adjacent vertices. Let
X ′ = {x2; : : : ; xk−1}. Since z is adjacent to x and not to y; z must be adjacent to all
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Fig. 4. To the proof of Lemma 3.10.
vertices in X ′. Similarly; x1 is adjacent to each vertex in X ′ since it is adjacent to
y and not to x. Now z cannot be adjacent to x1 since A ∪ B would have only k − 1
neighbors. But then x1 and x2 cannot have k − 2 common neighbors.
Lemma 3.12. If !(G) = 2 and the subgraphs induced by superatoms are complete
graphs of order 2; then G ∼= Cn for some n¿ 6.
Proof. By edge transitivity; the set of two end vertices of every edge of G is a
superatom. Let yxz be any path of length 2; A = {x; y} and B = {x; z}. If G ∼= Cn;
then by Lemma 3.11 we see that y and z must be adjacent. From this we can see that
G ∼= Kn. But in Kn; any subset of size 2 in V (G) is not a fragment; a contradiction.
Thus G ∼= Cn. For n6 5; Cn is super-connected. Thus; n¿ 6. The result follows.
4. Characterization
Let G be a connected vertex and edge transitive graph, diNerent from Cn (n¿ 6) and
from L(Q3) and !(G)¿ 2. Then it follows from Lemmas 3.10 and 3.12 that !(G)=2
and each superatom of G consists of exactly two independent vertices. Now de:ne
an equivalent relation R on the vertex set of G. For v1 and v2 in V (G); v1Rv2 ⇔
N (v1) = N (v2).
According to this equivalence, V (G) is partitioned into some non-empty sets, say,
A1; A2; : : : ; Ap. Clearly, |Ai|¿!(G) = 2 and, for any x∈Ai; Ai = {a∈V (G): N (a) =
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N (x)}. Thus, each Ai is an imprimitive block for G. By vertex transitivity of G; |Ai|
is independent of i. It follows that |Ai|= |V (G)|=p.
Now de:ne a quotient graph MG=G=R of G. The vertices of MG are Ai; i=1; 2; : : : ; p,
and Ai and Aj are adjacent in MG if and only if some vertex in Ai is adjacent to some
vertex in Aj in G. The following is obvious.
Lemma 4.1. MG is a connected vertex and edge transitive graph.
Proof. MG is clearly connected. By vertex transitivity of G and the fact that
Ai (16 i6p) are imprimitive blocks for G; we can see that MG is vertex and edge
transitive.
Lemma 4.2. Let G be not super-. Then MG is not super-.
Proof. Let k be the degree of regularity of G and n = |V (G)|. By de:nition; if Ai
and Aj (i = j) are adjacent in MG; then the induced subgraph G[Ai ∪ Aj] is a complete
bipartite graph. Thus; MG has degree k=|Ai|= kp=n. Let D be a minimum vertex cut of
G such that G − D has no isolated vertices and let G1; G2; : : : ; Gq be the components
of G − D. Then we have the following claims.
Claim 1. D is a union of some Ai’s.
If not, let x∈Ai ∩ D and y∈Ai but y ∈ D. Set D′ = D \ {x}. Then, since N (x) =
N (y); D′ is also a vertex cut, which is impossible.
By a similar argument we have
Claim 2. For any j (16 j6 q); V (Gj) is a union of some Ai’s.
Then, D corresponds to a vertex cut MD of MG; | MD|=|D|=m=k=m, where m=|Ai|=n=p.
Since MG is edge transitive, we have ( MG)=k=m. It follows that MD is a minimum vertex
cut of MG. Clearly, MG − MD has no isolated vertices. The result follows.
The following theorem characterizes super- vertex and edge transitive graphs. To
state the theorem, we :rst introduce the notion of lexicographic product of graphs. Let
G and H be two graphs. The lexicographic product of G by H , denoted by G(H), is
the graph with vertex set V (G) × V (H) and, for two vertices (x1; y1) and (x2; y2) of
G(H); (x1; y1) and (x2; y2) are adjacent if and only if either x1 and x2 are adjacent in
G or x1 = x2 and y1 and y2 are adjacent in H . Graphs without edges are called null
graphs. A null graph on m vertices is denoted by Nm.
Theorem 4.3. Let G be a connected vertex and edge transitive graph. Then; G is not
super- if and only if G ∼= Cn(Nm) (n¿ 6 and m¿ 1) or G ∼= L(Q3)(Nm) (m¿ 1).
Proof. The suPciency is clear for Cn(Nm) and L(Q3) (see Fig. 4). For L(Q3)(Nm);
the result follows from the de:nition of lexicographic product of graphs and the fact
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that L(Q3) is not super-. Suppose now that G is not super- and G ∼= L(Q3). If G
is a cycle Cn; n¿ 6; the result follows. Suppose this is not the case and let A be a
superatom of G. Then by Lemmas 3.10 and 3.12 it follows that A is an independent set
with |A|= 2. Now consider the quotient graph MG de:ned above. By Lemmas 4.1 and
4.2 we see that MG is a connected vertex and edge transitive graph with !( MG)¿ 2. If
MG ∼= L(Q3); then G ∼= L(Q3)(Nm) for some m¿ 1. If MG ∼= L(Q3); then by Lemma 3.10
we see that !( MG) = 2. Let MA= {A1; A2} be a superatom of MG. If MA is an independent
set of MG; then A1∪A2 is an independent set of G; and since N (A1)=N (A2) in MG; then
every two vertices in A1 ∪A2 have the same neighborhood in G; a contradiction. Thus
A1 and A2 are adjacent in MG. By Lemma 3.12 we have MG ∼= Cn (n¿ 6). It follows
that G ∼= Cn(Nm); where m= |A1|. This completes the proof.
The following theorem characterizes hyper- vertex and edge transitive graphs.
Theorem 4.4. Let G be a k-regular connected vertex and edge transitive graph. Then
G is not hyper- if and only if either G ∼= Cn for some n¿ 6 or G ∼= L(Q3); or there
exists a pair of vertices x and y such that N (x) = N (y) and |V (G)|¿ k + 3.
Proof. The suPciency is obvious. Now we prove the necessity of the theorem. Clearly;
G is not the complete graph. Suppose that G ∼= L(Q3). Since G is not hyper-; there
exists a minimum vertex cut D with |D|= k such that either G −D has at least three
connected components or G − D has exactly two nontrivial connected components.
Thus; if |V (G)|= k + 3; then G − D has exactly three connected components each of
which has exactly one vertex. Clearly; each of the vertices in these three components
has the same neighbor set D. If |V (G)| = k+3; then by Proposition 2.1 it follows that
G is not Vosperian; and so G has superatoms. By Lemma 3.10 we see that !(G) = 2.
If the superatoms of G are not independent sets; then it follows from Lemma 3.12 that
G is isomorphic to Cn for some n¿ 6. If the superatoms of G are independent sets;
let A= {x; y} be a superatom of G; then N (x)=N (y); which is a minimum vertex cut
of G. Thus V (G) \ (N (A) ∪ A) = ∅ and |V (G)|¿ k + 3. The result follows.
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